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Stability Analysis of Micropower Network
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Abstract—Stability analysis of micropower networks is
gaining importance given the dwindling gap of power generation
and demand as well as increasing penetration of intermittent
renewable energy sources. Instead of using prevalent small-
signal analysis-based approaches, with predictions typically lim-
ited to the vicinity of the equilibrium, the outlined approach
provides a sense of global/semiglobal stability. With regard
to the latter, current approaches to stability analysis are pri-
marily based on time-domain-, energy-function-, and common-
Lyapunov-function-based analyses. This paper outlines a stability
analysis approach based on polynomial Lyapunov function, which
is determined algorithmically using sum-of-squares optimization
in order to maximize the region of attraction (ROA) of an
equilibrium solution. This procedure precludes the need for prior
knowledge of the form of the Lyapunov or energy function. In this
paper, the tradeoff between accuracy of determining the ROA of
a power-system model and the computation overhead incurred
is evaluated.

Index Terms— Micropower network, optimization, polynomial
Lyapunov function (PLF), stability analysis.

I. INTRODUCTION

STABILITY-ANALYSIS tool investigates the dynamic

behavior of a micropower network following a destabi-
lizing event and/or disturbance in the system. The primary
objective of the stability analysis is to address the evolv-
ing behavioral dynamics involving the electrical distribution
network, electrical loads, and the generators. In typical small-
signal analysis [1], [2], the stability of equilibrium solution
of the overall nonlinear power network model is obtained
by linearizing the nonlinear model. The validity of the lin-
earized (small-signal) model is near a small vicinity of the
equilibrium solution, and hence using this model, the behav-
ioral dynamics of the original system in the presence of
large-signal response is not possible to carry out [3], [4].
In order to prove the large-signal stability of a micropower
network [5], [6], a Lyapunov function (LF) V (x) has to be
found that fulfills the Lyapunov conditions in a domain Q
around the equilibrium point (located at x = 0, where x is the
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state variable vector) [7], [8]
V(x) > 0for Vx #0
V(0)=0
V(x) = VV(x)- F(x) <0 for Vx )

(1

where F(x) are the functions of the differential equations of
the analyzed system

% = F(x). 3)

In addition to assessing the stability of the system, from a
practical point of view, it is useful to determine the region
of attraction (ROA) of the equilibrium point(s) xeq to assess
robustness. Conceptually, the ROA of an equilibrium state xeq
is the set of all the states x from which the network evolves
to the equilibrium point xeq without quitting the ROA itself.
Mathematically, the ROA can be defined [7] as a compact
invariant set, connected to the equilibrium state xeq defined by

V(x) <y Vx e ROA. 4)

Once the LF and the value y have been obtained, the stability
in a state x of the system can be assessed simply by checking
if V(x) < y, which requires a considerably faster evaluation
than other analysis methods. The first objective of this paper is
to evaluate the feasibility of applying sum-of-squares (SOS)
optimization [9], [10] techniques to determine a polynomial
LF (PLF) in micropower-network stability problems. Once the
feasibility has been determined, a second objective of this
paper is to determine the ROA estimate of the equilibrium.
A final objective is to assess the validity of the stability
predictions (i.e., the ROA) obtained using the PLF with that
obtained using time-domain simulation (TDS).

II. SYNTHESIS OF POLYNOMIAL LYAPUNOV FUNCTION

The stability of a system would be demonstrated just by
identifying an LF satisfying (1)-(4) in a specific domain.
However, as shown in Fig. 1, each LF leads to a different
estimation of the ROA. Because the goal is to obtain the
best possible estimation of the ROA, optimization techniques
have to be used to determine the best LF (i.e., the LF leading
to the widest estimate of the ROA). To force V(x) to fulfill
the Lyapunov conditions in the widest possible domain, a set
containment problem is formulated with the following three
different sets (as shown in Fig. 2).

1) Set A (Green): Set of the states x within an arbi-

trary radius f [in other words, satisfying the inequality
p(x) < f, where p(x) has an arbitrary shape].
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Actual ROA
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(Lyapunov Function 1)
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Fig. 1. Domains corresponding to different LFs.
V(ix) =VV(x)"F(x) <0
Fig. 2. Set containment formulation of the optimization.

2) Set B (Red): Set of the states x for which an arbitrary
y is an upper bound of the LF V (x).

3) Set C (Blue): Set of the states x for which V(x) is
negative. It should be noted that this the only set that
directly depends on F(x).

4) Set A C set B C set C.

To solve this problem, set A is progressively expanded by
increasing £, which in turn expands set B by forcing an
increase in y until the limits of set C are reached. The proce-
dure can be expressed in terms of the following optimization
problem:

max f,y s.t. Set A C Set B C Set C. 5)

To express the set containment conditions in terms of inequal-
ities, the polynomial S-procedure [11] can be used. Given two
sets S; and S, and two polynomials g; and g, defined so that

S1={xeR":g1(x) <0}
S> = {x e R" : g2(x) < 0}. (6)

The polynomial S-procedure establishes that S is included in
S if there exists a positive definite polynomial 4 (x) such that

—g1(x) + A(x) - g2(x) is positive definite. @)

Finally, in order to overcome the difficulty of demonstrating
the positive definiteness, the positive definiteness conditions
are relaxed into SOS condition, leading to the following
formulation of the problem:

max f,y s.t
V(x) — Li(x) is SOS ®)
—[VV(x) - F(x) + La(x) + s2(x)
- (y = V(x))] is SOS )
—[(V(x) =) +s1(x)- (B—px)]is SOS (10
Li(x) = exTx, Lry(x) = erxTx (11

where Li(x), La(x), s1(x), and s2(x) are SOS; €| and ¢, are
arbitrary positive numbers; and p(x) is a fixed SOS polyno-
mial that determines the shape of set A that is progressively
enlarged to force set B to grow.

III. STABILITY-ANALYSIS ALGORITHM

The optimization problem formulated in (8)—(11) is bilinear
in many of the decision variables, namely, the terms s, (x) - y
and sy(x) - V(x) in (10) and the term si(x) - B in (11).
An SOS problem, however, has to be linear in the decision
variables. Hence, an iterative procedure is needed to approx-
imate the bilinear expressions by several consecutive linear
approximations [12]. This sequential approximation, referred
to as VS iteration, allows one to expand an initial estimation
of the ROA. While providing good results in many cases,
this procedure has some weaknesses from a practical point
of view. First, the selection of the shaping polynomial p(x)
can be critical for obtaining a good estimate of the ROA.
Unfortunately, the selection of the right p(x) depends on the
specific model and is not trivial. Second, the performance of
this procedure requires an initial estimation of V (x), which is
not always easy to know a priori. To overcome the limitations
of using a fixed p(x), a double-loop scheme is proposed that
sets p(x) = V(x) when the VS iteration has converged to a f
and restarts a new VS iteration until p(x) converges. In this
paper, two different algorithms have been considered that are
outlined in the following and their performances have been
evaluated: 1) Algorithm A [captured in (Fig. 3)], which uses
a standard VS iteration as outlined in [12], comprises Steps
1-5a and 2) Algorithm B, in which p(x) is updated in each
iteration based on V(x), comprises Steps 1-4 and 5b. The
steps are described as follows:

1) Step 1: To start the VS iteration, a first estimation of
the LF is determined using the linear approximation
of (3) in the vicinity of the equilibrium point yielding
the following:

x=A-x (12)

where A is the Jacobian of F(x). Once A has been
determined, if all of its eigenvalues are found to have
negative real parts, then there exists a positive-definite
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Initialization

V;in(x) based on linearized model
* Determination of y based on V,(x)
* Normalize V(x) = V,,,(x) / ¥

Determine upper bound y of V(x)
Determine y and s2(x) using bisection
with V(x) fixed

Expand shape included in V(x)<y
Determine f and s1(x) using bisection
with V(x) and y fixed

Determine V(x)

* Determine V(x) with s1(x), s2(x), ¥
and S fixed

* Normalize V(x) =V(x) / ¥

No
p converges

Fig. 3. Set containment formulation of the optimization for Algorithm A.
For Algorithm B, only the stop condition is not based on the convergence of
£ but based on the convergence of Ap(x), which is described by (15).

matrix P (where Q must be positive definite) that
satisfies the following condition:

ATP+PA+Q=0. (13)
The corresponding LF is determined using
vV =xTPx. (14)

2) Step 2: In this step, V (x) is held fixed while y and 57 (x)
are determined using (9) and (11), using the bisection
method to iteratively determine the biggest value of y.

3) Step 3: In this step, V(x) is held fixed while both £ and
s1(x) are determined using (10). Because (10) is bilinear
in § and s{(x), bisection is used to obtain s;(x) while
keeping £ fixed.

4) Step 4: In this step B, y, s1(x), and s2(x) are held fixed
while V (x) is determined using (8)—(11) and normalized
with respect to y to avoid numerical problem.

5) Step 5a: If the value of f§ converges, the iteration process
is stopped; otherwise, the process flow restarts at Step 2.

6) Step 5b: Determine the variation in the shaping function
as follows:

Ap(x) = p(x) — V(x)

and subsequently set p(x) = V(x). If the sum of the
squares of the coefficients of the polynomial Ap(x)

15)

Load,

Load,

Load

Fig. 4. General topology of the microgrid considered in the study.

attains a value lower than a specified threshold, the iter-

ation process is stopped. Otherwise, the process flow

restarts at Step 2.
It should be noted that in Algorithm B, comparison of the
values of f obtained from different iterations does not provide
any meaningful information about the convergence because
p(x) changes in each of the iterations. Therefore, other criteria
such as the N-D volume (referred to as N-volume in this
paper) contained inside the ROA have to be used to compare
successive estimations of the ROA or the ROAs obtained using
different methods.

IV. DYNAMIC MODEL OF A MULTIMACHINE
MICROPOWER NETWORK

Fig. 4 shows the structure of the microgrid that has been
considered in this paper, which is composed of a set of n
synchronous generators (one of whom represents an infinite
grid) and m fixed loads, interconnected by electrical lines.
Equations (16) and (17) are posed for each generation bus (rep-
resented in the left side), while (18) is posed for each load bus.
In such a micropower network with n generators, the swing
dynamics of the ith generator is given by

5 = w; (16)
M;w; = —Dj;w; + Pmec,i - Pcalc(i) (17

where Peyc(i) = Zj-vzl U;U;(Gijcos(d;) + Byjsin(dy)), dij =
0; — d; is the difference of angles of the voltages at buses i
and j, w;, D;, and M; are, respectively, the angular speed,
the damping, and the inertia constant of the generator, Pmec,i
is the mechanical power fed to the rotor of the generator,
U; is the modulus of the voltage, and Gj; and Bjj are the
real and imaginary parts of the ith and jth elements of the
nodal admittance matrix Ypys. If the ith generator is assigned
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to be the slack generator, (16) is not taken into account
because J; = 0. If the ith generator is assumed to be infinite,
M; is infinite, and therefore, w; is assumed to be constant
(i.e., ; = 0). The power P ; consumed by the loads at the
ith bus is expressed as follows:

PL,i = _Pcalc(i)

where N represents the total number of buses.
Equations (16)—(18) are rewritten as a differential-algebraic
equation

(18)

X =F(X,Y
(X, 7) 19
0=G(X,Y)
where X = [0] w1 & ann ... ]7, Y = [Ong ONg+1 .7, and

Ny represents the index of the first load bus, Ny + 1 represents
the second load bus, and so on, and

_ o1 -
D 1
_Ewl + E(Pmec,l - Pcalc(l))
F(X,Y) = D, 1 w2
—ECUZ + E(Pmec,Z - Pcalc(2))

_PL,NO - Pcalc(NO)

G(X,Y) = _PL=N0+1 — Peac(No + 1) (20)

Expressing Y in terms of X using the algebraic equation
0 = G(X,Y) in (20) and substituting this relationship back
in the dynamical model X =F (X,Y), one can transform
the overall model (20) to solely a state-dependent vector-
differential equation that is affine in form. To obtain a dynam-
ical model centered at the origin, the following translation:

w; = Aw; + wiss, 0 = Ad; + diss 21

is used to obtain the dynamical model in the error coordinates.
In (21), w; ss and J; ss are the steady-state values for w; and
0i, and Aw; and AJ; represent the differences between the
instantaneous and the equilibrium values of the states. Finally,
the resultant model in the error coordinates is expanded using
the Taylor series to obtain a dynamical model in polynomial
form.

V. CASE A: SYSTEM WITH NO LOSSES
A. Model Description

The first of the test cases is a fourth-order nonlossy model
that has been extensively used as a reference case [13]

)31 = X2

Xy = —sin(xy) — 0.5sin (x; — x3) — 0.4x;

X3 = x4

x4 = —0.5sin(x3) — 0.5sin (x3 — x1) — 0.4x4 + 0.05.

(22)

The dynamic model (22) has multiple equilibrium points
[obtained by equating the right-hand side of (22) to 0]

TP degree 5 TDS-based
4
~ ¥
3 — . |
5 A
] TP degree 3
o) |
g 0] { (
91 |
| TP degree 7
-2
3 % S o
-4 ’
_5L
-5 4 3 2 -1 (0] 1 2 3 4 5
x1 (rad)

Fig. 5. ROA based on the actual lossless model and the TP model of varying
degrees. The estimate of the ROA using TP model of degree 7 yields the best
tradeoff between accuracy and computational overhead.

with the nominal equilibrium being (x;., = 0.02001,
X2,eq = 0, x3.¢q = 0.06003, x4 ¢q = 0). Using this nominal,
(22) is translated to the origin yielding the dynamical model

X1 =x3

X2 = 0.0200cos(x1)cos(x3) — 0.0200cos(x1) . ..
—0.9998sin(x;) —0.4x3 . ..
+ 0.4996c0s(x1)sin(x3) — 0.4996co0s(x3)sin(xy) . . .
4+ 0.0200 sin(x1) sin(x3)

X3 = X4

X4 = 0.4996c0s(x3)sin(x;) — 0.0299cos(x3) . . .
— 0.4991 sin(x3) — 0.0200cos(x1)cos(x3) . ..
— 0.4996c0s(x1)sin(x3) — 0.5000x4 . . .
— 0.0200sin(x1) sin(x3) + 0.0500.

(23)

Subsequently, using a Taylor series, (23) is converted to
Taylor-polynomial (TP) representations of degree 3 and 7
using, respectively, (24) and (25). Accuracies of these TP
models are illustrated in Fig. 5 (the best TP estimates are
those closer to the TDS-based contour, without trespassing
its limits). The degree of the TP approximation is decided
keeping an eye on the tradeoff between model accuracy and
computational overhead for determining the PLFs and the
ROA. For this analysis, the convergence is determined after
5000 time steps of 10 ms each by assessing if the differ-
ences between the final and equilibrium values of the state
variables are within an N-D sphere (N-sphere) of radius 0.1.
To facilitate the analysis of results obtained in this study case,
Fig. 6 shows the ROA around the equilibrium point (green
area) to which several transients have been superimposed. The
initial states are represented with a cross, while the final states
are depicted with a circle and a point. The stability conditions
ensure that all the trajectories starting inside the ROA will
never leave the ROA. Thus, unlike small-signal stability,
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x1 (rad)
Fig. 6. ROA and time-domain transients in the state-variables space

(TDS based, Case A).

Algorithm A

k*)
g
Q .
» Algorithm B
2
~
-3
TDS-based
4"
5
-5 4 3 2 -1 0 1 2 3 4 5
x1 (rad)
Fig. 7. ROA obtained for Case A with the TP of degree 3.

the PLF-based ROA approach ascertains the large-signal sta-
bility of the corresponding equilibrium solution. That is,
without doing any TDS, one can ascertain the convergence of
an evolving state trajectory if the initial condition lies within
the ROA that represents the invariant subspace.

B. Stability Analysis

1) Performance Analysis Using the TP of Degree 3:
Fig. 7 shows the ROA obtained using Algorithms A and B
using the TP of degree 3 of model (24). The N-volume of
the ROAs has been calculated to allow a uniform comparison
of the extension of each ROA, independently of the shaping

200
180
e Algorithm A
160 - Algorithm B
140

120
Stop after iteration 24

N-Volume

100
cveve®®®®
.. ... d
80 P, *
L]

60

40 e

20

1000 2000 3000 4000

Time (s)

5000 6000

Fig. 8. Progress of ROA estimation with the time for Case A with the TP
of degree 3.

function used in each case

V)'C1 = X2

% = 0.2499x3 — 0.2498x7x3 + 0.2498x1x3 + ...
— 0.083267x3 + 0.019995x1x3 — 0.0099973x7 . ..
— 1.4994x1 — 0.4x3 + 0.4996x3

)'63 = X4

%4 = —0.083267x; + 0.2498x7x3 — 0.2498x x5
+0.16645x3 + 0.0099973xF — 0.019995x1x3 . ..
+0.024988x2 + 0.4996x1 — 0.9987x3 — 0.5x4

(24)

)'61 = X2

%> = 0.0020817x7x3 — 0.0034694x7x3 . ..
+0.0034694.x7x§ — 0.0020817x7x3
—0.012495x7 . .. + 0.020817xx3 — 0.041633x7x3
+0.041633x7x3 ... — 0.020817x1x§ + 0.0041633x3
—0.0033324x7x3 . . . +0.0049987x7x?
—0.0033324x1x3 + 0.2499x7 . ..
—0.2498x7x3 + 0.2498x1x3 — 0.083267x3 . ..
+0.019995x1x3 — 0.0099973x3 — 1.4994x ...
— 0.4x3 + 0.4996x3

)'63 = X4

&4 = —0.0020817x7x3 + 0.0034694x7x3 . ..
—0.0034694x;x§ + 0.0020817x7x3
+0.0041633x] ... — 0.020817x}x3 + 0.041633x7x3
—0.041633x7x3 ... +0.020817x x5 + 0.0083225x3
+0.0033324x7x3 . .. — 0.0049987x7x3
+0.0033324xx3 — 0.0020824x7 . ..
—0.083267x3 + 0.2498x7x3 — 0.2498xx7 . ..
+0.16645x3 + 0.0099973x7 — 0.019995x1x3 ...
+0.024988x7 — 0.4996x1 — 0.5x2 + 0.9987x3.

(25)

The Monte Carlo-based function p-volume approach [14] has
been used for determining the N-volumes. Fig. 8 compares



TABLE I

V(x) FOR CASE A OBTAINED WITH THE TP OF DEGREE 3 AND ALGORITHM A
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. Degree . Degree . Degree . Degree

Coefficients Coefficients Coefficients Coefficients

X1|X2[X3|X4 X1[X2|X3|X4 X1[X2[X3|X4 X1[X2[X3|X4
0.040735082 | 4] O Of O |-0.006064559| 1| O] 2| 1] |0.051053757 | Of O] O 4] [-0.002091286| Of Of 3| O
0.021256957 | 3| 1| Of O] |-0.00203639 | 1| O] 1| 2| |0.000531507 | 3| O] O] O ]0.005433244 | 0| Of 2| 1
0.038096939 | 3| 0| 1| 0] [0.029249162 | 1| 0] 0] 3] |-0.010999359] 2| 1] 0] O] ]0.004023011 ] O] O] 1] 2
-0.007345416| 3| O Of 1] |0.024442941 | O] 4| O 0O |-0.001439241] 2| O] 1] O ]-0.000727138] O] Of O] 3
0.051291872 | 2| 2| Of O |-0.043553995| O] 3| 1| O] |0.010330181 | 2[ O] O] 1] [0.093052692 | 2| Of O] O
-0.012767702| 2| 1| 1f O |0.030431778 | O] 3| O 1] |-0.012637191] 1 2| 0] 0 [-0.090809789] 1| 1f O] O
0.043364697 | 2| 1| 0 1] [0.066993481 | 0 2| 2| 0] |0.002837382 | 1| 1] 1] 0] ]0.015305361 | 1] O] 1] O
0.105240173 | 2| O 2 O] |0.012700488 | O 2| 1| 1] |0.007474406 | 1| 1| O] 1| ]-0.012990328] 1| Of O] 1
0.029198532 | 2| O 1 1| |0.100795961 | O] 2| O 2| |0.001186083 | 1f O] 2| O [0.084143381 | Of 2[ O] O
0.098596463 | 2| O Of 2| |0.008793697 | Of 1| 3| 0O [-0.002915266] 1| Of 1| 1] ]0.01421332 0 1f 1] 0
-0.013880525] 1| 3| 0 O] [0.037927366 | O 1| 2| 1] |-0.008659004] 1] 0] 0] 2| ]0.045274049 | 0] 1| O] 1
0.060439883 | 1] 2| 1f O |-0.00572891 | O] 1| 1| 2| |-0.006410801] Of 3| O] O [0.050885332 | Of Of 2| O
0.012639839 | 1] 2| Of 1] |0.003365759 | O] 1| O 3| |-0.016324434] O 2| 1| 0 ]-0.007716157] O] Of 1] 1
0.018079848 | 1] 1| 2[ 0] |0.045370358 | O] O] 4| O 0.003177474 | O 2| 0] 1] ]0.063755529 | O] Of O] 2
0.002940689 | 1| 1| 1| 1] |0.031689761 | O O] 3| 1] |-0.011730248] 0] 1| 2| O
-0.024567091| 1] 1| Of 2| |0.067467103 | O] O] 2| 2| |-0.005649717] Of 1] 1| 1
0.01557886 1| 0] 3| 0 |0.022770203 | Of O] 1| 3] [-0.004380363] O 1 O] 2

TABLE II
V (x) FOR CASE A OBTAINED WITH THE TP OF DEGREE 3 AND ALGORITHM B

Coefficients Degree Coefficients Degree Coefficients Degree Coefficients Degree

X1|X2[X3|X4 1|X2 (X3 |X4 1[X2[X3|x4 X1[X2([X3|x4
0.009250389 | 4| O Of Of |0.012842272 | 1| O] 2| 1] |0.005556495 | Of O] O 4 [0.001885302 | Of of 3| O
0.007702928 | 3| 1| 0 0] |-0.005785044] 1| 0| 1| 2| |0.002114628 | 3| 0] 0] O] ]0.013920166 | 0] O] 2| 1
0.015229751 | 3| O 1 O] |0.007043757 | 1| O] O| 3| |-0.002685473] 2| 1| 0] 0 ]0.034579883 | 0| Of 1| 2
-0.004557754] 3| 0| 0| 1] ]0.00708155 0] 4 0] 0] |0.000222118 | 2| 0] 1] Of ]-0.004149076] 0| 0| O] 3
-0.002084968| 2| 2| Of O |-0.004364719| O] 3| 1| 0] |0.012925707 | 2[ O] 0] 1] [0.153636156 | 2| Of O] O
0.020746695 | 2| 1| 1f O |0.012377532 | O] 3| O 1] |0.011349252 | 1 2| 0] O [-0.224865341] 1| 1f O] O
-0.004982327| 2| 1| Of 1] |0.020601264 | O] 2| 2| O] |0.015321788 | 1 1] 1] 0 [0.060129875| 1| Of 1] O
0.043019094 | 2| O 2 of |0.015375107 | Of 2| 1| 1] |0.013540199 | 1| 1| O] 1| ]0.00043507 1 0] 0of 1
0.000719135 | 2| O 1 1| |0.014745112 | O] 2| O 2| |0.005718536 | 1| O] 2| O [0.143805684 | Of 2[ O] O
0.02008912 2| 0| of 2| |0.018721951 | O] 1| 3| O] |0.002912879 | 1f O] 1| 1] |-0.102635351] O 1 1] O
0.004843946 | 1| 3| 0| 0] |-9.91E-05 0] 1] 2| 1] |-0.006416794] 1| 0] 0] 2| ]0.122289495 | 0] 1| 0] 1
0.014608679 | 1] 2| 1f Of |0.029342739 | O] 1| 1| 2| |0.00056016 0] 3] 0] O] [0.078608858 | O] O] 2| O
0.02486459 1f 2| o[ 1] |-0.003386151| Of 1 O 3] |]-0.010808744| O 2| 1| 0] |-0.112724937] 0 0] 1| 1
0.006053929 | 1] 1| 2[ O] |0.013908916 | O] O] 4| O |0.014262814 | O 2| 0] 1| ]0.157712782 | 0| Of O] 2
-0.021833346| 1| 1| 1 1| |0.001027484 | Of O] 3| 1] ]0.004302414 | O 1f 2| O
-0.001008285| 1] 1| Of 2| |0.019030519 | O] O] 2| 2| |0.022433579 | of 1] 1| 1
0.003474922 | 1] 0| 3| Of |-0.001219043| O] O] 1| 3] |0.010858378 | Of 1| 0| 2

the temporal evolution of the N-volume of the ROA esti-
mated with Algorithms A and B. All the tested algorithms
show a big improvement of the ROA estimation in the first
iterations followed by a slowing down phase. Table I shows
the polynomials obtained using Algorithm A (f = 3.2860 and
y = 1.0002 that following Steps 2 and 3 are obtained using

the bisection method over a prespecified range of 0.01-100 for
both the parameters). It shows how the PLF is dependent on
the state variables and the coefficients corresponding to these
state variables with varying degrees that are also indicated
in Table I. Table II shows the polynomials obtained using
Algorithm B (f = 0.6645 and y = 1.0002). The executions
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Fig. 9. ROA obtained for Case A with the TP of degree 7.
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Fig. 10. Progress of ROA estimation with the time for Case A with the TP
of degree 7.

of Algorithm A stopped after iteration 24, before reaching the
maximum number of iterations (which was set to 60), when
the variation of f was lower than 0.05% of its value. The
N-volume always increased until the increase is sufficiently
small. On the other hand, Algorithm B achieves a better
estimation of the ROA because of its ability to adapt p(x),
but it is not guaranteed to monotonically converge to the
largest ROA and can incur some small oscillations as observed
in Fig. 8.

2) Performance Analysis Using the TP of Degree 7:
Fig. 9 shows the ROA obtained using Algorithms A and B
using the TP of degree 7 of model (25). Table III shows
the polynomials obtained using Algorithm A (f = 4.4083
and y = 1.0002). Table IV shows the polynomials obtained
using Algorithm B (f = 0.7477 and y = 1.0002). Fig. 10
compares the temporal evolution of the N-volume of the

2.5
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1.5 ‘
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8
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Q
X
os |

\ A
LN e N S o
2
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%35 2 a5 4 05 0 0.5 1 1.5 2 2.5
x1 (rad)
Fig. 11. ROA based on the actual lossy model and the TP model of degrees
3 and 7.
2.5
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1 \ Algorithm B
~N
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b
0.5
-1
1.5
-2
TDS-based
%35 2 a5 - -0.5 ) 0.5 1 1.5 2 2.5

x1 (rad)

Fig. 12. ROA obtained for Case B with the TP of degree 3.

ROA estimated using Algorithms A and B. All executions
of Algorithms A and B stop when the maximum number
of iterations (which is set at 60) is reached. Each iter-
ation takes a different amount of time depending on the
degree of the polynomials and the algorithm used. For
each iteration, N-volume of the ROA estimate increases for
Algorithm A, whereas Algorithm B yields a better esti-
mate of the ROA relatively faster, but may incur small
oscillations.

VI. CASE B: SYSTEM WITH LOSSES
A. Model Description

The second test case is a fourth-order model (26) with
losses, which has been used in the literature as a reference
case [13]. In (26), xjj = x; — x;. The nominal equilibrium



TABLE III

V(x) FOR CASE A OBTAINED WITH THE TP OF DEGREE 7 AND ALGORITHM A
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- Degree - Degree . Degree . Degree

Coefficients Coefficients Coefficients Coefficients

X1|X2|X3|X4 X1|X2|X3|X4 X1|X2]|X3|X4 X1|X2|X3|X4
0.024237165 | 4] Of 0| Of ]-0.005073733] 1] 0] 2| 1f ]0.009182625 | 0| O] Of 4] [-0.00262985 | O 0] 3| O
0.003502696 | 3| 1 O O ]-0.009319127] 1| O] 1| 2| [7.43E-05 3] Of O Of |0.003779334 | O O] 2 1
0.028464694 | 3| O 1| O] [0.007185712 1 1| O] O] 3] |-0.007368648] 2| 1] 0] O] ]0.003533487 | 0] O] 1] 2
-0.008340299]1 3| O O 1] |0.01113434 0] 4 0] 0] |-0.001020734] 2| 0] 1] Of ]-0.004060268] 0] O] O] 3
0.014884319 | 2| 2| 0O 0] |[-0.018960184] 0O 3| 1| O] |0.00157876 2| O] O] 1] ]0.068408428 | 2| Of O O
0.020807307 | 2| 1 1| 0 ]0.00010111 0] 3] 0] 1] |0.002467297 | 1] 2| 0] O] ]-0.055345734] 1| 1] 0] O
0.007884523 | 2| 1| O 1] |[0.031340216 | O 2| 2| O] |0.0100079 1f 1f 1f O [0.02769111 1f of 1f O
0.050903748 | 2| O 2| O] [0.017932473 | 0| 2| 1| 1] |0.00351494 1f 1f of 1] ]-0.002969704| 1 of Of 1
0.019921558 | 2| O 1| 1] [0.026861435 | 0O 2| 0] 2| |0.002099053 | 1| 0] 2| O] ]0.114772267 | O] 2| O] O
0.033891749 | 2| Of 0] 2| |0.006951314 | O] 1| 3| O |-0.001081407{ 1| Of 1| 1f ]-0.0042432 0 1f 11 0
-0.002374239] 1| 3| 0] O ]0.017475377 | 0] 1| 2| 1| [-0.011507457] 1| Of O 2] ]0.110003933 | 0] 1| Of 1
0.025465494 | 1] 2 1] O ]-0.00286558 | 0] 1| 1| 2| [-0.003226796] 0| 3| Of O] [0.040018155 | Of O] 2 O
0.039232708 | 1| 2| O 1] |[-0.019891088] O 1| 0] 3] |0.003191054 | 0] 2| 1] O] ]0.021222384 | 0] O] 1] 1
-0.019328653| 1| 1| 2| 0] [0.020075952 | O O] 4| 0] |0.011283193 | 0] 2| 0] 1] ]0.163920445| 0] O] O] 2
0.011978601 | 1| 1| 1| 1] |-0.001734241] O O] 3| 1] |-0.003680113) O] 1] 2| O
-0.0229000031 1| 1| O 2| ]0.033468229 | O Of 2| 2| [0.002131538 | O 1| 1| 1
0.008126687 | 1| O 3| 0] ]-0.002684603] O Of 1| 3] [-0.002204134] 0 1| 0] 2

TABLE IV
V(x) FOR CASE A OBTAINED WITH THE TP OF DEGREE 7 AND ALGORITHM B

Coefficients Degree Coefficients Degree Coefficients Degree Coefficients Degree

X1|X2[X3|X4 X1[X2|X3|X4 X1[X2[X3|X4 X1[X2[X3|X4
0.004707302 | 4] 0| o[ O] |0.003917303 | 1| O] 2| 1] |0.003626706 | Of O] 0] 4] [0.003752754 | O Of 3| O
0.003439435 | 3| 1| o[ O] |-0.001512618| 1| O] 1| 2| |-0.000398442] 3| O] 0] 0 ]0.014989886 | 0| Of 2| 1
0.012016978 | 3| 0| 1| 0] |[-0.000137389] 1| 0| 0| 3] |-0.003159629] 2| 1| 0] O] ]0.019448094 | 0] O] 1] 2
-0.004043872| 3| 0| Of 1] |0.001512299 | O] 4| 0| O] |0.000544575 ] 2| O] 1] 0 ]-0.001506097] 0| Of O] 3
0.003425216 | 2| 2| Of O |-0.003078052| O] 3| 1| O] |0.002405031 | 2| O] 0| 1| [0.082138061 | 2| Of O] O
0.01105376 2| 1| 1 of |0.002176528 | O] 3| O 1] |-0.00010191 | 1 2| O] 0O |-0.098457538] 1| 1f O] O
0.002616668 | 2| 1| Of 1| |0.014527924 | Of 2| 2| O [0.006318496 | 1| 1| 1] 0] ]0.03313441 1 0] 1| 0
0.030317731 | 2| 0| 2| 0] |0.00591549 0 2| 1] 1] ]0.011274232 | 1| 1| O] 1] ]0.026543699 | 1| 0| Of 1
-0.002811025| 2| O 1 1] |0.006560786 | O] 2| 0| 2| |0.002043134 ]| 1f O] 2| 0 [0.108929361 | O 2[ O] O
0.00829066 2| 0| of 2| [0.011756457 | O] 1] 3| O] |0.004287611 | 1f O] 1] 1] |-0.060812283] O 1 1| O
0.001347748 | 1| 3| 0| 0] [-0.000230325] 0| 1| 2| 1] |-0.009913395] 1] 0] 0] 2| ]0.098805079 | 0] 1| O] 1
0.00788031 1] 2| 1| of |0.017087984 | Of 1| 1| 2| [-0.001523572] 0| 3| O] O] [0.045162891 | O] O 2| O
0.014399093 | 1] 2| of 1| |-0.008504258| O| 1| O| 3| |-0.006402178] O 2| 1| 0 ]-0.02654665 | 0| Of 1| 1
0.004651303 | 1| 1| 2| 0] [0.011727397 | 0 0| 4| 0] |0.009615392 | 0] 2| O] 1] ]0.161543478 | 0] 0| O] 2
-0.003275689| 1| 1| 1 1] |0.005697032 | Of O] 3| 1] [-0.001238954] O 1f 2| O
-0.003011419| 1| 1| Of 2| |0.01234465 0] of 2| 2] |o.008686647 | O] 1| 1| 1
0.00840209 1| 0] 3| o |-0.005436832| Of O] 1| 3| [-0.001594697] 0| 1 O] 2

(see the next page). Accuracies of these TP models are
illustrated in Fig. 11, where convergence is determined after
5000 time steps of 10 ms each by assessing if the differences
between the final and equilibrium values of the state variables

of (26) is (x1eq = 0.4680, x2¢q = 0, x3¢q = 0.04630,
X4,eq = 0). Using this nominal equilibrium and following
Section IV, (26) is transformed to a TP representation of
degrees 3 and 7, respectively, as captured in (27) and (28)
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TABLE V
V (x) FOR CASE B OBTAINED WITH THE TP OF DEGREE 3 AND ALGORITHM A
Degree Degree Degree Degree
Coefficients & Coefficients & Coefficients & Coefficients &
X1|X2[X3]|X4 X1|X2[X3]|X4 1|X2|X3[X4 X1[X2[X3|X4
1.4009314 2| 0] O] O] [0.0679309 1| 0] O] 1] |0.0253620 0] 1] Of 1} |0.0192381 0] O Of 2
-0.0219146 1f 1] 0] O] |1.7336369 0.0231047 0 O
0.0624902 1| O] 1] O] |-0.0699996 0] 1] 1f O] ]0.0089387 0] O 1f 1
TABLE VI
V (x) FOR CASE B OBTAINED WITH THE TP OF DEGREE 3 AND ALGORITHM B
D D D D
Coefficients cgree Coefficients cgree Coefficients cgree Coefficients cgree
1[{X2]X3[X4 X1[X2|X3[X4 X1[X2]X3|X4 X1[X2|X3|X4
0.8556518 2| Of O] O] ]0.0058081 1l 0] O 0.0410336 0] 1f Of 1} ]0.0221799 0] Of of 2
-0.4316670 1 0] |2.1150377 0] 2| Of O] |0.0136756 0 2
0.0384129 1| O] 1] O] [-0.0045906 0] 1| 1f O] [-0.0000091 0 Of 1 1
2.5/
160
e Algorithm A >
140 Algorithm B \
. .."0‘_ 1.5
120 o .
* . . Al thm B
° - Stop after iteration 26 ! gorhm
E 100 .. 0.5 V
= k)
o L]
> % . g o < —Algorithm A
2z . Q
60 Z y -0.5
40 ° -1
20 o 1.5
® 200 400 600 800 1000 1200 1400 1600 1800 2000 2200 =
Time (S) sl TDS-based ]
-2.5 2 1.5 1 -0.5 o 0.5 1 1.5 2 2.5
Fi L . . . x1 (rad)
ig. 13.  Progress of ROA estimation with the time for Case B with the TP
of degree 3.

are within an N-sphere of radius 0.1

')'Cl = X2
X = 33.5849 — 1.8868 cos(x13) — 5.2830cos(x1)
—16.9811 sin(x13) — 59.6226 sin(x;) — 1.8868x,

. (26)
X3 = X4

X4 = 48.4810 4+ 11.3924 sin(x13) — 1.2658 cos(x13)
—3.2278 cos(x3) — 99.3671 sin(x3) — 1.2658x4
')'Cl = X2

%2 = 11.3x] — 8.4857x7x3 + 8.4857x1x3 ...

—2.8286x3 4+ 16.7913x7 — 1.9717x1x3 . ..

+0.98584x7 — 67.7998x + 16.9715x3 — 1.8868x, on

)'63 = X4

%4 = —1.8998x] + 5.6993x7x3 — 5.6993xx3 ...
+16.4771x3 + 0.60441x7 — 1.2088x1x3 . ..
+24.2388x2 + 11.3986x; — 98.8623x3 — 1.2658x4.

Fig. 14. ROA obtained for Case B with the TP of degree 7.

B. Stability Analysis

1) Performance Analysis Using the TP of Degree 3:
Fig. 12 shows the ROA obtained using Algorithms A and B
using the TP of degree 3 of model (27). Fig. 13 compares the
temporal evolution of the N-volume of the ROA estimated
using Algorithms A and B. Algorithm B yields a better esti-
mate of the ROA relatively faster (with minimal oscillations)
compared with Algorithm A. Table V shows the polynomials
obtained using Algorithm A (f = 0.5760 and y = 1.0002).
Table VI shows the polynomials obtained using Algorithm B
(f =0.9834 and y = 0.9995). As indicated in the description
of the algorithms (see Steps 2 and 3), y and £ are obtained
using the bisection method over a prespecified range (in this
case, the range [0.01, 100] for both parameters).

2) Performance Analysis Using the TP of Degree 7:
Fig. 14 shows the ROA obtained using Algorithms A and B
using the TP of degree 7 of model (28). Fig. 15 compares the
temporal evolution of the N-volume of the ROA estimated
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TABLE VII

V(x) FOR CASE B OBTAINED WITH THE TP OF DEGREE 7 AND ALGORITHM A

D D D D
Coefficients cgree Coefficients cgree Coefficients cgree Coefficients cgree
1[{X2]X3[X4 X2 X3 [X4 X1[X2]X3[X4 X2|X3[X4
1.5638250 o[ ol of [o.0701764 o of 3f [o.0227691 | o] 1| o] 1] |0.0198351 of o 2
-0.0082497 1| O] O] [1.8004734 2| 0] O ]0.0257472 Ol O 2[f O
0.0562647 o 1| of |-0.0773480 1| 1| o [0.0093440 | o[ o 1] 1
TABLE VIII
V (x) FOR CASE B OBTAINED WITH THE TP OF DEGREE 7 AND ALGORITHM B
D D D D
Coefficients cgres Coefficients cgree Coefficients cgree Coefficients cgrec
1[X2[X3[X4 X2|X3|X4 X1|X2]|X3|X4 X2|X3|X4
0.8110194 0] O] O ]0.0122084 0] O] 1] ]0.0363584 0| 1] Of 1} ]0.0202649 0] 0] 2
-0.4079839 1| o] o [1.9250915 2| 0| of [0.0130368 | 0] 0| 2| 0
0.0354819 0] 1] O] [-0.0124661 1| 1] O] [0.0000345 Of O 1 1
180 and a lossy dynamical system model
Algorithm A
160 Algorithm B X1 =X
110 X2 = 0.013452x] — 0.023571x%x3 + 0.070714xx7 . ..
4.3 3.4 2,5
120 et —0.11786x x5 + 0.11786x7x3 — 0.070714x7x3 . ..
2 +0.023571x1x — 0.0033674x] + 0.046642x9 . ..
100 veso®®
§ —0.016431x7x3 + 0.041077x}x3 — 0.054769x;x3 . . .
> % R +0.041077x3x§ — 0.016431x1x3 + 0.0027384x5. ..
60 o —0.565x3 +0.70714x7x3 — 1.4143x3x3 ...
40 s +1.4143x3x3 — 0.70714x x5 +0.14143x3 . ..
20 —1.3993x} 4 0.32861x7x3 — 0.49292x%x2 . ..
+0.32861x1x3 — 0.082153xF + 11.3x7 . ..
1000 2000 3000 4000 5000 6000 7000 . 2 2 3
Time (s) 8.4857x%x3 + 8.4857x x5 — 2.8286x3 . ..
+16.7913x% — 1.9717x1x3 + 0.98584x3 . ..
Fig. 15. Progress of ROA estimation with the time for Case B with the TP
of degree 7. —67.7998x1 + 16.9715x3 — 1.8868x7

with Algorithms A and B. Convergence of Algorithm B is
faster, with no oscillations. Table VII shows the polynomials
obtained using Algorithm A (f = 0.5542 and y = 1.0010).
Table VIII shows the polynomials obtained using Algorithm B
(f =0.9850 and y = 1.0010).

VII. CONCLUSION

An investigation into the effectiveness of polynomial-
Lyapunov-function-based methodology for stability analysis
of a micropower network is outlined. While the condition
of LF-based stability analysis remains the same, what is
different is how the LF is determined autonomously using
a semidefinite optimization-based methodology along with
determining the ROA of the equilibrium solution without using
computationally intensive time-domain solution. Furthermore,
two algorithms are outlined and the mechanism and their effi-
cacies and convergence analyses are illustrated for a lossless

X3 = X4

%4 =—0.0022616x]+0.015831x0x3 —0.047494x7x73 . ..
+0.079157x x5 — 0.079157x7x§ + 0.047494xx7x3 . ..
—0.015831x1x$ + 0.019616x + 0.0016789x% . ..
—0.010074x3x3 + 0.025184x}x3 — 0.033578x7x3 ..
+0.025184x7x§ — 0.010074x1x3 + 0.06733x5 . ..
+0.094988x7 — 0.47494x}x3 + 0.94988x7x3 . ..
—0.94988x7x3 + 0.47494x;x§ — 0.82385x3 . ..
—0.050368x} + 0.20147x7x3 — 0.30221x7x3 . ..
+0.20147x1x3 — 2.0199x§ — 1.8998x7 ...
+5.6993x7x3 — 5.6993x1x3 + 16.4771x3 . ..
+0.60441x7 — 1.2088x1x3 + 24.2388x7 . ..

+11.3986x1 — 98.8623x3 — 1.2658x4.
(28)
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